I. INTRODUCTION
Based on a series of work on the high-energy scatterings [1, 2, 3] which relies on semiclassical (saddle-point) approximation in the functional integral evaluation of stringy scattering amplitudes, D. Gross conjectured that there exists a high-energy symmetry in string theory [4] . This is an infinite dimensional symmetry which treats all stringy excitations as a single multiplet and relates high-energy scattering amplitudes among physically inequivalent degrees of freedom. Specifically, there are infinitely many linear relations among high-energy stringy scattering amplitudes of particles at the same mass level, and one can use inter-level symmetry to obtain any four-point amplitudes from the the four-tachyon Veneziano amplitude [5, 6, 7] .
In a later reinvestigation of this problem [8, 9, 10, 11, 12, 13, 14, 15] , the authors have clarified some of the important issues related to the high-energy stringy symmetry (HESS):
(1) Linear relations among high-energy stringy scattering amplitudes at fixed mass level can be derived algebraically based on decoupling of the high-energy zero-norm states.
(2) Leading behaviors of the high-energy stringy scattering amplitudes can be obtained based on saddle-point approximation and it is crucial to keep subleading 1 α ′ E 2 (polynomial) corrections in order to derive linear proportional constants among scattering amplitudes. Also, the explicit formulae of the four-point high-energy stringy scattering amplitudes, as a function of energy and scattering angle, leads to a symmetry pattern for inter-level scattering amplitudes.
It is important to note that the high-energy stringy symmetry we discuss here is an approximate global symmetry. It is an approximate symmetry since we are doing a
expansion for all (tree-level) scattering amplitudes, and it is a global symmetry since we compare scattering amplitudes among independent degrees of freedom. Thus, one might be curious about the connection between the HESS and the infinite target-space gauge symmetry [16, 17, 18] , and wonder that how it is possible to derive HESS from the decoupling of high-energy zero-norm states. For a detailed discussion, see [12, 14] . Here we try to provide a physical analogy. First of all, it is widely believed that all the massive string excitations gain their masses through a higher-spin generalization of the Higgs mechanism, in the same way as the mass generation of vector bosons in the electroweak theory. However, there seems to be some difference between these two cases. In the field theoretical context, the Higgs mechanism is facilitated by the introduction of tachyonic scalar particles to the massless gauge theory. In low-energy physics, it is more appropriate to identify the wouldbe Goldstone bosons (the field quanta after shifting the tachyonic scalar fields to the true vacuum) as the longitudinal degrees of freedom for the massive vector bosons. Nevertheless, in the high-energy limit (E ≫ M w ), the advantage of such an identification is diminished.
Instead, one can simply study the interactions among massless scalars with massless gauge bosons with finite Yukawa couplings and then treat M w /E corrections as perturbations in the scattering processes [19] . In this view, the celebrated equivalence theorem for the gauge theory with spontaneous broken symmetry [20] simply translates into the following:
"The high-energy symmetry among gauge bosons scatterings in a theory endowed with spontaneous broken symmetry is nothing but a reflection of the global symmetry of the tachyonic scalar particles.".
It is important to realize that, the global symmetry of the tachyonic scalar particles in field theoretical models is in principle independent from the gauge symmetry. While the tachyonic scalar particles must carry non-abelian charges to couple to gauge fields, one can impose additional global symmetry and specify suitable representation for the tachyonic scalar particles under this independent global symmetry. If we apply the same idea to the case of string theory, viewed as a higher-spin gauge theory with a super-Higgs mechanism, there are two immediate questions:
(1) How to identify the would-be Glodstone bosons (presumably these will consist of a whole tower of particles with arbitrary spin)? (2) Modulo the issue of open-closed string duality, it seems that we know better about the gauge symmetry (e.g. in string field theory formulation), but not the global symmetry of string theory. Put it differently, what is the spontaneous symmetry breaking mechanism in string theory? Is the string gauge symmetry so powerful and restrictive such that there is only one way to incorporate spontaneous symmetry breaking?
It is clear that that the reason that we do not have good answers to the questions above is that we do not have a formulation of string theory in the most symmetry vacuum [21] .
However, one can still try to circumvent this difficult by taking a different strategy. Following the old wisdom, it is natural to probe the string dynamics in the high-energy limits, such that through a similar mechanism as equivalence theorem, one can probe the global symmetry with the high-energy scattering amplitudes among massive gauge bosons.
Once we pursue this idea further, there are still some conceptual problems that could cause confusion. Since in most practical calculations of stringy dynamics, we first choose a particular conformal invariant background and study the particle spectrum, the scattering amplitudes are calculated perturbatively (e.g. in string coupling constant g). In general, the particle spectrum depends on the space-time background, hence we expect the symmetry pattern among high-energy stringy scattering amplitudes should vary as we consider different space-time background [22, 23, 24, 25, 26, 27] . Furthermore, there are different kinematic limits (fixed-angle v.s. Regge) one can take in studying the high-energy stringy symmetry [28, 29] . In view of these, one may raise a natural question: in what sense do these different symmetry patterns really teach us anything about the nature of string symmetry? In other words, is there a universal symmetry principle underlies these background
This paper is an attempt to provide some hints to the question above. Using a simple solvable string theory model, e.g. bosonic open string theory in a light-like linear dilaton background, we illustrate the concept of a universal symmetry in string theory. That is, suppose that there exists a Lie algebra structure for the global symmetry (presumably a symmetry of infinite dimension), all the conformal invariant background data (moduli parameters) are encoded in the structure constants of this infinite symmetry. Any path connecting two fixed-points in the moduli space will induce a spectral flow of particle spectrum in string theory, and we should expect a deformation of stringy symmetry from one fixed point to another. Such a symmetry deformation is nothing but a string theory generalization of group contraction, as analogous to that flattening a sphere into a plane leads to deformation of the isometry group from SO(3) to E(2). This paper is organized as follows: A brief review and summary of previous results related to this paper is given in section II. We also establish our notations and conventions in this section. Section III focuses on the study of covariant spectrum of the bosonic open string theory in the light-like linear dilaton background. Here we emphasize the idea of spectral flow for the physical state solutions to the Virasoro constraints. Our main results of HESS of bosonic open string theory in the light-like linear dilaton background are presented in section IV. A new fixed-point in the moduli space is identified and two sets of replacement rules for HESS at two fixed-points in the moduli space are compared. We summarize the main points of our findings in section V, emphasizing the idea of a universal stringy symmetry and its connection with a background independent formulation of string theory. Finally, we conclude by listing some future works to be done and possible speculations. Since our starting point is very similar to that of [30] , we shall follow the notations in [30] closely. The Polyakov action for the bosonic open string theory in the linear dilaton background is given by
here R(σ) is Ricci scalar of the world-sheet Σ and κ(ξ) is the geodesic curvature along the boundary of the world-sheet ∂Σ. From this we can extract the energy-momentum tensor,
The string coordinates in the oscillator representation are
The Virasoro generators of the conformal transformation are defined as the Fourier modes of the energy-momentum tensor T zz ,
and they satisfy the following algebra relation,
Notice that the central charge includes a term which is in proportion to V 2 ≡ V µ V µ and we can have different space-time dimension D depending on the sign of
To simplify the calculations and to avoid the complication due to the Liouville potential in the non-critical dimension, we take the dilaton gradient, V µ ≡ ∂ µ Φ to be light-like and the space-time dimension is D = 26.
B. Covariant spectrum of physical states in the bosonic open string theory in the linear dilaton background
The physical state spectrum of the bosonic open string theory in the linear dilaton background is defined similarly to that of flat space-time. In the oscillator representation, we solve all possible linear combinations of creation operators acting on a Fock vacuum, subject to the Virasoro constraints:
These constraints in general lead to the generalized on-shell condition for the center of mass momenta, and restrict the polarization tensors to be transverse and traceless. In our study, we shall focus on the physical states up to the first massive level, and we shall use a single capital letter to represent the particles. For instance, the tachyon state (T) is given as
At massless level, we have a photon state (P) with polarization vector ζ(k):
Finally, at the first massive level (M), we have a tensor particle with spin-two, and it is written as
The L 1 conditions,
and the L 2 conditions, L 2 |M(ǫ µν , k) = 0, gives
Substituting ǫ µ from Eq.(10) to Eq.(11), we get
Note that all of these relations contain explicit dependence on the linear dilaton gradient V µ , and one can verify that as V µ goes to zero, we recover all the previous results on physical spectrum for bosonic open string in flat space-time [18] . It is then natural to treat V µ as a moduli parameter and identify the solutions to the Virasoro constraints as a spectral flow.
In addition to the interpretation of physical spectrum deformation (as a function of
is also crucial to emphasize that the inner product in the one string Fock space in the linear dilaton background is also deformed. Here we follow the prescription in [30] and define the inner product for the center of mass degree of freedom of any stringy excitation,
One should be cautious about the definition of zero-norm states with respect to the deformed inner product and check that the gauge invariance (decoupling of the zero-norm states) is maintained in the presence of a linear dilaton background [31] . Functional integration method has been applied to the calculations of scattering amplitudes of tachyon and photon states in the presence of a light-like linear dilaton background [30] . We approached and extended the similar calculations based on the operator methods [31, 32, 33] . The explicit forms of vertex operators of physical states are shown to satisfy the conformal algebra [32] ,
Here we list the results for normal-ordered vertex operators of tachyon(T), photon(P) and the massive tensor(M),
Given these explicit forms, it is straightforward to obtain any stringy scattering amplitudes.
Interested readers are invited to consult our paper in [31] , and we shall use the results from [31] directly in section VI. 
where the "seed state" |χ ≡ ǫ · α −1 |0, k , satisfies the following conditions,
and L 2 |χ = 0 holds automatically. If we use the oscillator representation of Virasoro generator,
we can read out the polarizations of the vector zero-norm states,
In order to solve for the polarization vector ǫ µ , Eq. (19) , it is useful to express all momenta in the helicity basis. In the presence of a linear dilaton background, the momentum of the first massive (α ′ m 2 2 = 1) spin-two particle is chosen as
and the helicity basis for the planar scatterings consists of the following vectors [18] :
It is clear that these orthonormal vectors satisfy the completeness relation:
For later convenience, it is useful to decompose the following vectors in terms of the helicity basis,
The expansion coefficients are:
From Eq. (19) , it is clear that we have 25 solutions for the transverse polarization vector, ǫ µ .
Specifically, we shall use the following vectors
to construct all type I vector zero-norm states:
Case 2:
The type II ZNS at the first massive level can be calculated by the same formula as that in the flat space-time. We have
where
and
One can check that the normalization of |ϕ is
Substitute the on-shell condition α
verify that |ϕ(k) is indeed a zero-norm state for all D and V µ . Expanding all the Virasoro generators in Eq. (24), we get
Putting all these ingredients together, we get
B. Spectrum of positive-norm states
After transforming the spin-two polarization tensor ǫ µν into helicity basis,
the Virasoro constraint, Eq.(12), becomes
On the other hand, L 1 condition implies that the polarization vector can be derived as a projection of the spin-two tensor ǫ µν ,
The solutions of positive-norm states at α ′ m 2 = 1 level in a linear dilaton background are given by
In the later calculations of stringy scattering amplitudes, we should use normalized positive-norm states (or, equivalently, vertex operators) as inputs. This is important in comparing the high-energy limits of different physical string scattering amplitudes as a manifestation of high-energy stringy symmetry. For this reason, we choose to represent the positive-norm states for the spin-two particles as
It is interesting to notice that at this massive level, if we tune the moduli parameter v from zero to infinity, the spectrum apparently degenerated,
However, we shall see later that, actually the contributions from α
piece of |M(LL) state to the high-energy stringy scattering amplitudes relative to those of α
Hence, it has non-vanishing contribution to the scattering amplitudes and one should be careful in interpreting the degenerate spectrum at v → ∞ limit.
C. General decomposition of a physical states at α ′ m 2 = 1 level
Having identified all the independent basis states of the covariant spectrum at α ′ m 2 = 1 in a light-like linear dilaton background, we can now write down the most general decomposition and find the solution to the Virasoro constraints at α ′ m 2 = 1. Introducing a new sets of expansion coefficients {x, y, z, w i }, we have
Comparing both sides of Eq.(36), we get
Solving x, y, z, w i in terms of u αβ , we get
+2δ a 1 b 2 1 + 6b
Substituting the solutions of (a i , b i ) in Eqs. (37), we have
IV. HIGH-ENERGY LIMITS OF THE STRINGY SCATTERING AMPLITUDES IN THE LIGHT-LIKE LINEAR DILATON BACKGROUND
In this section, we discuss the calculations of high-energy limits of stringy scattering amplitudes [31] in the light-like linear dilaton background. The goal is to examine the deformation of high-energy stringy symmetry as a continuous function of the moduli parameter, namely, the light-like dilaton gradient V µ . This section consists of four parts: we first define all relevant kinematic variables in part A, and obtain various three-point and the high-energy limits of four-point functions in part B and C. Finally, we identify the replacement rules for high-energy stringy scattering amplitudes and compare the high-energy stringy symmetry at two fix-points of moduli space in part D.
A. Kinematic setup
Here we list the relevant kinematic variables for the calculations of stringy scattering amplitudes in the light-like linear dilaton background. For simplicity, we shall restrict all momenta to lie in a two dimensional plane. One can imagine a heavy particle moving down the slope of a linear dilaton background with momentum k 2 and decaying into two particles. While −k 3 stands for the momentum of the right-moving remanet, we have another particle carrying momentum k 1 moving toward left. In terms of components, we have:
(ii) momenta of the second and the third particles,
(iii) momentum of the first particle,
Here we have imposed the momentum conservation to obtain k 1 .
(iv) on-shell condition for k 1 ,
If we substitute the explicit form, Eq. (38), into the on-shell condition for k 1 , Eq.(39), we
from the real and imaginary parts of Eq. (39), respectively. Since we have assumed that the dilaton gradient is light-like, V 
and we conclude that both V 2 and m 1 must vanish and
. One can solve all kinematic variables in terms of k 2 , in particular, we get (for m 1 = 0),
One can check that these solutions are consistent with the on-shell conditions for k 1 , Eqs. (40), (41) . In addition, one can verify that E 2 − E 3 = k 3 − k 2 . Hence we set
In later calculations of the three-point functions involving massive spin-two particles in the helicity representation Eq. (20) , it is useful to make the following momentum decompo-sition:
Here α ij ≡ m It is important to emphasize that even though a special kinematics has been chosen to study the scattering amplitudes, our goal is to provide a concrete illustration of the universality of stringy symmetry in a simple setup. To be more specific, while it is possible to have other interesting features by including more free parameters in the kinematics, here we shall take V 0 as the moduli parameter and extract the behavior of all stringy scattering amplitudes as V 0 continuously evolves from zero to infinity.
Kinematics for four-point functions in the light-like linear dilaton background
To calculate the high-energy limits of various four-point functions in the light-like linear dilaton background, we choose to work with the "center of momentum" frame and define the following kinematic variables:
(ii) momentum of the first particle (photon): (iii) momentum of the second particle:
(iv) momentum of the third particle:
(φ is the scattering angle)(46)
(v) momentum of the fourth particle:
Our choice of kinematic variables follows the conventions of previous works [10, 11, 12, 13, 14] on the high-energy stringy symmetry and should be considered as a minimal extension of the bosonic open string dynamics in the flat space-time. Thus, all the flat space-time results
will be recovered if we set V 0 = 0, and we shall identify a new symmetry pattern as V 0 /E tends to infinity. In the calculations of stringy scattering amplitudes, we shall need the polarization vector for photon. Specifically, we take the transverse polarization vectors for photon moving along
x-axis as
Given the momentum of the scattered (the third
and the normalization constant, N, is given as N ≡ k 4 .
Mandelstam variables and momemtum-polarization contractions
Since the energy E i and momentum k i variables satisfy the same on-shell conditions as those in the flat space-time, we define the average center of momentum energy E, as
In the high-energy limit, we have [36]
The Mandelstam variables, in the light-like linear dilaton background, are defined as
Some useful results for the contractions among momenta and polarization vectors are listed in Table I .
(a)The first and the second particle
The first and the third particles Three-point functions are typically fixed by the on-shell conditions and momentum conservation, hence there is no such a concept of high-energy limits. However, in the linear dilaton background, three-point stringy scattering amplitudes are functions of a free parameter V 0 . Hence, it is of interest to see how these coupling constants evolve from V 0 = 0 (flat space-time) to V 0 /E → ∞ (strong linear dilaton gradient). Here we first list the results from [31] which consists of seven sample calculations of tree-level three-point functions. Then we rewrite the stringy scattering amplitudes in terms of helicity basis. Finally, we compare two sets of coupling constants at two fixed-points in the moduli space.
General results for three-point functions in the light-like linear dilaton background
Below we list the results for three-point functions in the light-like linear dilaton background. These seven sample processes all include photon (P (ζ, k)) as the final outgoing particle and we list only one particular channel of the stringy scattering amplitudes.
2. Three-point functions in the helicity representation
In the section, based on the kinematic setup in section IV-A-1, we rewrite all three-point functions in the helicity representation. The three-point functions involving photons and tachyons are easy to compute, since ζ i ∝ e T .
For all the stringy scattering amplitudes involving the spin-two particle (M), we need the momentum decomposition, Eqs. (43), (44) and (45).
In the last case, we have k 1 = 0, see Eq.(43). Thus, combining momentum conservation,
, and the Virasoro constraint, Eq. (10), we show that the three-point on-shell stringy scattering amplitude A P M M vanishes identically.
Symmetry pattern of three-point functions
We emphasize that in the calculations of all three-point functions, the full vertex operators, Eqs. (14), (15), (16) are used for each physical state. Thus, using Eqs. (22), (23), (25), we can easily check that all massive stringy Ward identities [35] hold true at arbitrary value of V 0 . These identities clearly demonstrate a smooth deformation of the target space gauge symmetry. In addition, we can examine the evolution of three-point coupling constants as a function of the moduli parameter, V 0 . If we identify V 0 = 0 and V 0 /E → ∞ as two fixedpoints in the spectral flow, then we can summarize the symmetry pattern of three-point functions in Table II. C. High-energy stringy symmetry of the four-point functions
In this section, we discuss the high-energy stringy symmetry of four-point functions.
Based on the previous results [31] , we first extract the fixed-angle high-energy limits (α ′ E 2 → ∞, φ fixed) of stringy scattering amplitudes in the flat space-time background by taking Flat Background Linear Dilaton Background V 0 = 0. Here we provide some new explicit check for our master formula in [9, 10] , and we shall show that the inter-level stringy symmetry can be realized in the form of replacement rules. Next we identify a new fixed-point in the moduli space (V 0 /E → ∞), and extract the high-energy limits of stringy scattering amplitudes at this fixed-point. Finally, we show how the stringy symmetry is deformed from one fixed-point to another by comparing two sets of replacement rules.
General results for four-point functions in the light-like linear dilaton background
In the discussion of section IV-A, we have shown that, for our choice of kinematics, the first particle must be a massless photon. To extract the high-energy stringy symmetry, we list five sample stringy scattering amplitudes (s-t channel only) in the following:
(68)
(70)
(a)The first and the second particles
The first and the third particles
The second and the third particles In order to make comparison between the stringy symmetry at two fixed-points, we first study the high-energy limits of stringy scattering amplitudes in the flat space-time background. In this limit, the Mandelstam variables become
Notice that it is important to keep subleading terms in the The fixed-angle high-energy limits of relevant momentum-polarization contractions are collected in Table III. 2-2. High-energy limits of stringy scattering amplitudes in the flat space-time background
Here we set V 0 = 0 and list the fixed-angle high-energy limits of the five sample stringy scattering amplitudes.
For spin-two particle, M(ǫ µν , k 2 ), there are three independent polarizations:
3. High-energy stringy limits of four-point functions in the light-like linear dilaton background
3-1. Kinematics
In this subsection, we collect all relevant kinematic variables in the fixed-angle high-energy limit with infinite light-like linear dilaton gradient, V 0 /E → ∞.
First of all, the Mandelstam variables become
It is interesting to see that, in the infinite light-like linear dilaton gradient limit V 0 /E → ∞, the ratio between two Mandelstam variables t/s is the same as that of flat space-time
The relevant momentum-polarization contractions in the background with infinite lightlike dilaton gradient are collected in Table IV. 3-2. High-energy limits of stringy scattering amplitudes in the light-like linear dilaton background
Here we take V 0 /E → ∞ limit, and list the fixed-angle high-energy limits of the five sample stringy scattering amplitudes.
(b)the first and the third particles
iE sin φ i (c)the second and the third particles
Since the result for A T P M P involves lengthy formula, we separate the equation into two parts.
The contribution from ǫ µν ⇒
The contribution from ǫ µ ⇒
(98) α L −2 :
4. High-energy stringy symmetry and replacement rules for four-point functions
From the five sample calculations of high-energy stringy scattering amplitudes in section IV-C-2, we observe three interesting features:
(1) The leading energy power (
6 is subleading) obeys the addition rule:
Here the level N i for each particle is: N(T ) = 0, N(P ) = 1, N(M) = 2. This feature was first pointed out in [9, 10] and there is a saddle-point calculation [12, 13, 14] supporting that this addition rule is true for arbitrary high-energy stringy scattering amplitudes. It seems to suggest some partonic (or string-bit) picture of high-energy stringy scatterings.
(2) Comparing different degrees of freedom at the same mass level, we see that there exists linear relations [9, 10] among high-energy stringy scattering amplitudes
A T P M P (LL) :
In addition, there are also linear relations among high-energy stringy scattering amplitudes with the same total level n
(3) Our main concern in the present study is to explore the symmetry pattern for highenergy stringy scattering amplitudes of different total level. One of the early attempt for studying the subleading high-energy stringy scattering amplitudes can be found in [15] . Here we wish to push the idea further, and indeed we can identify a set of replacement rules (ignoring the phase factors) for relating different high-energy stringy scattering amplitudes. The replacement rule is summarized in Fig.3 . One can see clearly that from the figure, if we start from the amplitude A T T T P , by replacing any particle (T or P) into a different particle, we can predict the results for new high-energy stringy scattering amplitudes based on the rules in Table V .
In contrast, as we move to the infinite light-like linear dilaton gradient limit V 0 /E → ∞, we find the three special features related to high-energy stringy symmetry are modified as follows:
(1) First of all, there is no reduction of energy power for the stringy scattering amplitudes involving α L −1 oscillator. Consequently, the leading energy power ( √ α ′ E) n obeys different addition rule:
In addition, all high-energy stringy scattering amplitudes have a ( √ α ′ V 0 ) 2 factor if we take into account the state normalization Eqs. (35) properly.
(2) In the V 0 /E → ∞ limit, there is no linear relations among independent degrees of freedom at the same mass level. Indeed, By comparing the sample calculations of high-energy stringy scattering amplitudes, we can identify the replacement rules (ignoring the phase factors) at V 0 /E → ∞ in Table   V . While there are three identical rules regarding T → P , P → M T T , and T → M T T replacements, we find the deformation indeed modifies the rest of replacement rules at V 0 = 0 to a new set of replacement rules at V 0 /E → ∞. These new replacement rules at V 0 /E → ∞ fixed-point justify our proposal for the universal property of high-energy stringy symmetry. This universal property is shown in two aspects:
A T T M P (LL) : A T T M P (LT ) : A T T M P (T T ) = cos
in other conformal invariant backgrounds. It should be emphasized that our conclusion of the high-energy stringy symmetry is based on the study of tree-level stringy scattering amplitudes only. In principle, one can also calculate the one-loop stringy scattering amplitudes and extract their high-energy limits based on the operator formalism [32, 41] . It would be of interest to see if the pattern of high-energy stringy symmetry persists at the one-loop level as the original claim [4] , or it can provide an independent check of the results by Moeller and West [42] .
In conclusion, we list some of the problems that we hope to finish and provide further insights toward an understanding of the nature of stringy symmetry:
(1) Probing the deformation of the stringy symmetry in other kinematic regions (not necessary at high energies).
(2) Identification of the symmetry generators based on a "tensionless" string approach to the properly scaled string world-sheet action [37, 38, 39, 40] .
(3) Extending the formulae in Moore's work [5, 6, 7] on stringy symmetry and check the compatibility between inter-level Ward identities and the deformation of stringy spectrum via spectral flow.
(4) Clarify the role of Liouville mode and extend our study on string symmetry to various space-time dimension.
(5) Identifying the universal string symmetry in the M-theory context.
